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The contact angle of a liquid-fluid interface can be effectively modulated by the
electrowetting-on-dielectric (EWOD) technology. Rapid movement of the contact
line can be achieved by swift changes of voltage at the electrodes, which can give
rise to interfacial waves under the strong influence of surface tension. Here we
experimentally demonstrate EWOD-driven interfacial waves of overlapping liquids
and compare their wavelength and decay length with the theoretical results obtained
by a perturbation analysis. Our theory also allows us to predict the temporal evolution
of the interfacial profiles in either rectangular or cylindrical containers, as driven by
slipping contact lines. This work builds a theoretical framework to understand and
predict the dynamics of capillary waves of a liquid-liquid interface driven by EWOD,
which has practical implications on optofluidic devices used to guide light. Published
by AIP Publishing. [http://dx.doi.org/10.1063/1.4963863]

I. INTRODUCTION

The boundary between two immiscible fluids is susceptible to waves when disturbed, as a result
of exchange between the kinetic energy of the fluids and the potential energy either due to gravity
or surface tension.1 The waves with the wavelength much smaller than the capillary length, the
length scale at which gravitational and surface tension effects are balanced, are referred to as the
capillary waves. Here, we investigate the traveling capillary waves of liquid-liquid interfaces, which
are excited at the contact line of the three phase of solid-liquid-liquid, by developing a novel flow
excitation setup and employing a perturbation analysis. Unlike the waves of liquid-air interface
where the air viscosity can be neglected frequently, the waves of the boundary between two viscous
liquids are mathematically more involved and relatively harder to realize experimentally. Previous
studies dealing with the waves of liquid-liquid interfaces have mainly employed analytical and
numerical approaches,2–4 to find temporal damping characteristics of the waves. On the other hand,
our study is focused on the spatially developing profiles of the traveling waves of liquid-liquid
interface, which have been rarely corroborated experimentally.

Our study of the interfacial waves of two immiscible liquids is motivated by a novel optofluidic
device, a microliquid prism.5,6 It steers a light beam by tilting a liquid-liquid interface acting as an
optical refractive surface.7 The current applications of the microprism array include telescopic op-
tics,8 laser radar,9,10 solar lighting,11 and three-dimensional displays.12,13 In the microliquid prism,
the liquid-liquid interface is actuated through EWOD (electrowetting-on-dielectric), which modu-
lates the contact angle of interface on a dielectric surface by establishing an electrical potential
difference between the dielectric-coated electrode and conducting liquid.14 The electrowetting effect
occurs as electrical charges are accumulated at the interface of electrolyte solution and electrode
when the electrical field is applied, thereby lowering the solid-liquid surface energy and conse-
quently the static contact angle.15 The microliquid prism using EWOD is free of physical fatigue
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and noise owing to the absence of mechanically moving parts and consumes relatively small po-
wer. Detailed description of how to construct 3D displays using microliquid prisms can be found
in Refs. 7, 16, and 17. The practical applications of prisms for 3D displays may require tilting
of the refractive surface at over 3 kHz,18 which may generate waves in the microliquid prism.
Furthermore, high-frequency ac (alternating current) voltages are frequently adopted to stabilize
the solid-liquid-liquid three-phase contact line,19,20 which implies non-negligible fluctuations in the
contact angle. This may also lead to ripples of interface.

With this practical implication in mind, the experimental setup employed in this work is unique
compared with conventional apparatuses used to investigate interfacial waves in that the waves are
provoked by slipping contact lines. This non-classical means of exciting surface waves can provide
an effective tool to investigate the interfacial flow dynamics in small scale devices. To understand
the interfacial waves under viscous effects theoretically, we perform a linear perturbation analysis
based on the pioneering work of Lucassen-Reynders and Lucassen21 in the Cartesian coordinates.
We also extend the analysis to the cylindrical coordinates. Upon verifying the theory by measur-
ing the wavelength and decay length as a function of frequency with experiment, we predict and
corroborate the temporal evolution of liquid interface profile that is driven by the voltage change at
the solid wall. In optofluidic prisms where the instantaneous shape of the refractive liquid interface
determines optical images, the interface fluctuation affects the stability of optical images. Therefore,
our study can help one to design the geometry and operation conditions of various optofluidic
devices with minimal interfacial fluctuations.

II. EXPERIMENTAL

To observe the interfacial waves, we fabricated a liquid prism cell 5 mm in thickness. It mea-
sures 20 and 30 mm in width (d) and height (3h), respectively, as shown in Fig. 1. A plate in the
left end is a glass wafer coated with ordered layers of molybdenum, silicon nitride, and parylene
C. This is referred to as the EWOD plate where the modulations of contact angle and contact line
position are carried out. The other end plate in the right is a mere glass imposing no electrical
field. The side walls, through which optical observation is made, are the glass slides spin-coated
with polytetrafluoroethylene having the contact angle of nearly 90◦ with the interface between two
liquids. The cell was first filled with a 0.85 wt. % aqueous solution of polyacrylic acid (referred
to as liquid 1) and then a mixture of 1% dodecane and 99% 1-chloronaphthalene (referred to as
liquid 2). The total height of the liquids, 2h, is 20 mm, and the top of the cell is exposed to
air. The interface between these liquids is known to have a high refractive index of over 1.6 and
robust electrowetting performance.22 The density ρ and viscosity µ of the two liquids, and surface
tension coefficient between them, γ, are listed in Table I. The square-wave ac voltage was applied
to the EWOD plate using a voltage amplifier (AA Lab systems A-301 HS) connected to a function

FIG. 1. Experimental setup to generate interfacial waves via EWOD. λ, ϵ, d, and h indicate the wavelength, amplitude,
width of the prism cell (20 mm), and depth of liquids (10 mm), respectively.
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TABLE I. Liquid properties.

ρ (kg m−3) µ (Pa s) γ (mN m−1)

Liquid 1 1179 0.0027
7.64

Liquid 2 1000 0.0013

generator (National Instruments NI9263) controlled by Labview (National Instruments). Liquid 2
was electrically grounded.

Figure 2 (Multimedia view) shows the images of the interfacial waves filmed by a high-speed
video camera (Photron APX-RS) that recorded images at a rate of up to 1000 frames/s. As the
voltage applied to the EWOD plate changes abruptly, the contact angle should be adjusted, accom-
panying the movement of contact line. The wave, generated by the slipping contact line, propagates
toward the opposite side with wavelength and speed determined by the physical properties of the
liquids and exciting ac frequency. The wavelength in the figure is 2 mm, which is significantly
less than the crossover wavelength for capillary waves, λc = 2π


γ/(g∆ρ) = 13 mm, so that the

capillary effects dominate over those of gravity. Here, ∆ρ = ρ1 − ρ2 with subscripts 1 and 2 corre-
sponding to liquids 1 and 2, respectively.

III. MATHEMATICAL MODELING

A. Waves in the Cartesian coordinates

The liquid-liquid interface profile can be described by a superposition of normal modes,

η(x, t) = η0(x) + Re


∞
n=1

ηn(x, t)

, (1)

where η0 and ηn represent the static meniscus and small perturbations, respectively. The static inter-
facial height at the EWOD wall is determined by the contact angle of the interface of two liquids
with solid, which is a function of voltage. The static meniscus η0 is given by η0 = a0 exp(−x/lc),
where a0 and lc are arbitrary constant and capillary length (lc =


γ/(g∆ρ)), respectively, a result

of balance between capillary and gravitational effects.23 Lucassen-Reynders and Lucassen21 first
considered the waves of interfaces of two overlapping viscous fluids in the Cartesian coordinates.
We introduce the model in the following.

FIG. 2. Interfacial waves driven by EWOD under ac voltage of ±15 V with the frequency 50 Hz. The left side of the images
coincides with the EWOD plate. (Multimedia view) [URL: http://dx.doi.org/10.1063/1.4963863.1]
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Using a linear perturbation theory, the velocity and pressure of the fluids are expressed in
the form of exp[i(ζ x − ωt)], where ω is the angular frequency and Re[ζ] = k is the wavenumber:
k = 2π/λ with λ being the wavelength. Im[ζ] = α is the damping coefficient, which results in
the attenuation of the velocity and pressure difference. Lamb24 expressed the flow field of viscous
liquids as

u j =
∂φ j

∂x
−
∂ψ j

∂ y
, (2)

v j =
∂φ j

∂ y
+
∂ψ j

∂x
, (3)

where u and v correspond to the velocity in the x and y directions, φ is the velocity potential
of irrotational flow, and ψ is the stream function of rotational flow. The subscripts j = 1 and 2
correspond to liquids 1 (y < 0) and 2 (y > 0), respectively. We assume that the wave system
has an infinite depth for h ≫ λ. The irrotational flow satisfies the continuity equation ∇2φ j = 0,
whose boundary conditions are such that φ1 |y→−∞ = 0 and φ2 |y→∞ = 0. Then the solutions can
be expressed as φ1 = A1eζ y exp[i(ζ x − ωt)] and φ2 = A2e−ζ y exp[i(ζ x − ωt)], where A1 and A2

are the coefficients. The pressure can then be expressed by the linearized unsteady Bernoulli
equation,

p1 = −ρ1
∂φ

∂t
= iρ1ωA1eζ y exp[i(ζ x − ωt)], (4)

p2 = −ρ2
∂φ

∂t
= iρ2ωA2e−ζ y exp[i(ζ x − ωt)]. (5)

By taking curl of the Navier-Stokes equation and using vector identity, one can show that ∂ψ j/∂t =
νj∇2ψ j, where ν is the kinematic viscosity. The solutions of the rotational flow can be written as ψ1 =

B1em1y exp[i(ζ x − ωt)] and ψ2 = B2e−m2y exp[i(ζ x − ωt)], where m j =


ζ2 − iω/νj, and B1 and B2

are the coefficients. Now the velocities of liquids 1 and 2 are given by

u1 = (iζ A1eζ y − m1B1em1y) exp[i(ζ x − ωt)], (6)

u2 = (iζ A2e−ζ y + m2B2e−m2y) exp[i(ζ x − ωt)], (7)

v1 = (ζ A1eζ y + iζB1em1y) exp[i(ζ x − ωt)], (8)

v2 = (−ζ A2e−ζ y + iζB2e−m2y) exp[i(ζ x − ωt)]. (9)

For the overlapping liquids, the following boundary conditions can be established at the
liquid interface, y = 0. The kinematic boundary conditions are such that velocities of each
liquid are continuous in the tangential and normal directions: u1 = u2 and v1 = v2 = ∂η/∂t.
The dynamic boundary conditions consist of the conditions for tangential and normal stresses.
The tangential stresses are continuous, so that µ1(∂v1/∂x + ∂u1/∂ y) = µ2(∂v2/∂x + ∂u2/∂ y). The
difference between the normal stresses (pressure) is balanced by the surface tension multiplied
by the curvature, so that p2 − p1 = γ∂

2η/∂x2. Substituting the velocity and pressure functions
for liquids 1 and 2 into the boundary conditions yields four linear homogeneous equations. For
nontrivial solutions of A1, A2, B1, and B2, the determinant of the matrix of coefficients should be
zero,

Det



iζ −iζ −m1 −m2

1 1 i −i
i2µ1ζ

2 i2µ2ζ
2 −µ1(m1

2 + ζ2) µ2(m2
2 + ζ2)

i
(
γζ3

ω
− ρ1ω

)
iρ2ω −γζ

3

ω
0



= 0. (10)

The value of η satisfying Eq. (10) must meet the physical requirements that the wavenumber k and
damping coefficient α are positive.
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To nondimensionalize Eq. (10), we take the characteristic length by using crossover wavelength
λc = 2π


γ/(g∆ρ) and the characteristic frequency ωc =


γ/(ρ1 + ρ2)(2π/λc)3. The characteristic

density and viscosity are ρc = ρ1 + ρ2 and µc = µ1 + µ2, respectively. The values listed in Table I
gives ωc = 20 Hz. The dimensionless form of Eq. (10) is then given by

Det



i ζ̂ −i ζ̂ −m̂1 −m̂2

1 1 i −i
i2q1ζ̂

2 i2q2ζ̂
2 −q1(m̂2

1 + ζ̂
2) q2(m̂2

2 + ζ̂
2)

i
(
ζ̂3

ω̂
Ca−1 − h1ω̂Re

)
ih2ω̂Re − ζ̂

3

ω̂
Ca−1 0



= 0, (11)

where ζ̂ = ζ/λc, ω̂ = ω/ωc, qj = µ j/µc, h j = ρ j/ρc, m̂2
j = ζ̂

2 − ih j/qjω̂Re, Ca = µcλcωc/γ, and
Re = ρcλ2

cωc/µc. Capillary number Ca and Reynolds number Re are the dimensionless surface
tension coefficient and density in this wave system, respectively.

Before turning to the cylindrical coordinates, it is noted that we neglect the viscous resistances
in the wedge region near the moving contact line and the boundary layer near the flow cell walls in
our modeling. The former is ignored in view of small wave amplitude relative to the wavelength,
which characterizes the wedge size as compared with the overall flow dimension.25 The thickness of
boundary layer near the wall, δ, can be estimated as δ ∼


ν/ f , where ν can be considered as the

average kinematic viscosity of the liquids and f is the excitation frequency. The value of δ ranges
from 94 to 423 µm as the frequency varies from 200 to 10 Hz in our experimental conditions, thus
much smaller than the wavelength (varying from 0.7 to 5.5 mm) as well as the thickness (5 mm) of
the flow cell.

B. Waves in the cylindrical coordinates

For interfacial waves of overlapping liquids in a cylindrical container, we newly modify the
foregoing theory21 using the cylindrical coordinates (r, z). For a system with rotational symmetry,
we write the velocity as26

ur =
∂φ

∂r
− 1

r
∂ψ

∂z
, (12)

uz =
∂φ

∂z
+

1
r
∂ψ

∂r
. (13)

As velocity potentials satisfying the continuity equation ∇2φ j = 0, we write φ1 = A1J0(ζr)ezeiωt

and φ2 = A2J0(ζr)e−zeiωt, where J0(ζr) is the zeroth order Bessel function of the first kind. The
pressure function can then be derived by the unsteady Bernoulli equation, similar to the process
described for the Cartesian system. The solutions of the rotational flow ψ that satisfy the modified
Navier-Stokes equation ρ∂ψ j/∂t = µ(∇2ψ j − 2/r∂ψ j/∂r) can be written as ψ1 = B1r J1(ζr)es1zeiωt

and ψ2 = B2r J1(ζr)e−s2zeiωt, where s j =

ζ2 + iω/νj and J1(ζr) is the first-order Bessel function

of the first kind. The velocity and pressure can then be expressed as

ur1 =
�
−ζ A1eζz − s1B1es1z

�
J1(ζr)eiωt, (14)

ur2 =
�
−ζ A2e−ζz + s2B2e−s2z

�
J1(ζr)eiωt, (15)

uz1 =
�
ζ A1eζz + ζB1es1z

�
J0(ζr)eiωt, (16)

uz2 =
�
−ζ A2e−ζz + ζB2es2z

�
J0(ζr)eiωt, (17)

p1 = −iρ1ωA1J0(ζr)eζzeiωt, (18)

p2 = −iρ1ωA2J0(ζr)e−ζzeiωt . (19)
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Imposing the same boundary conditions as in the Cartesian coordinates, we get the following
dimensionless equation:

Det



ζ̂ −ζ̂ ŝ1 ŝ2

1 1 1 −1
2q1ζ̂

2 2q2ζ̂
2 q1(ŝ2

1 + ζ̂
2) −q2(ŝ2

2 + ζ̂
2)

i
(
ζ̂3

ω̂
Ca−1 − h1ω̂Re

)
ih2ω̂Re i

ζ̂3

ω̂
Ca−1 0



= 0, (20)

where ŝ j2 = ζ̂2 + ih j/qjω̂Re. For the waves that propagate to the center of the cylinder, Re[ζ] and
Im[ζ] are positive and negative, respectively.

IV. RESULTS AND DISCUSSION

A. Waves in the rectangular container

Figure 3(a) shows an instantaneous profile of wave generated in the setup of Fig. 1 driven by a
square-wave ac of ±20 V at 50 Hz when the contact line at x = 0 starts to rise. The wavelength λ
is defined as the distance from the first two crests. To find the damping coefficient α, we consider
the envelope of the excited waves as shown in Fig. 3(b). We then choose four positions along the
x-direction at intervals of approximately 1 mm and measure the average value of the exponential
decrease of the amplitude at each point: α = Average[ln(Cm/Cn)/(xn − xm)] for m > n. Figure 4
shows that both the wavelength and the decay length decrease with an increase of frequency while
displaying good agreement between experiment and theory. The inset of Fig. 4 compares the char-
acteristics of liquid-air and liquid-liquid interfacial waves, to reveal substantial differences of the
wavelength and decay length. The wavelength of the liquid-liquid interface is shorter than the
liquid-air interface, e.g., 1.2 versus 3.5 mm for 100 Hz. The decay length of the liquid-liquid inter-
facial wave is much shorter than that for the liquid-air interfacial wave, e.g., 2.4 versus 167.2 mm
for 100 Hz. These results clearly demonstrate the effects of the second fluid phase on the wave
characteristics.

Linear perturbation analysis that predicts the wavelength and decay length also allows us to
approximate the wave profile as a function of time. We note that the oscillation of the interface
location at the EWOD wall cannot be prescribed a priori because the temporal evolution of the
contact angle due to voltage change is a result of complicated electrochemical interaction of the
electrolyte solution and solid surface material. Thus, we obtain the height profile experimentally as
shown in Fig. 5(a). The contact line returns to the original position in 0.1 s as driven by square-wave
ac of 10 Hz frequency, but its position hardly changes like a square wave with time. We obtain
the Fourier coefficients an and bn up to the eighth mode by curve fitting, and then the contact line

FIG. 3. Experimentally measured interfacial wave profiles near the EWOD plate driven at 50 Hz with ±20 V. (a) The distance
between two filled squares indicates wavelength, λ = 1.7 mm. (b) Measurement of the damping coefficient α for the wave
imaged at different instants. α is measured to be 0.23 mm−1.
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FIG. 4. Comparison between theoretically predicted wavelength and decay length obtained by solving Eq. (10) and
experimental measurements. Dashed and solid lines are theoretical wavelength λ and decay length L = 1/α, respectively.
Blue and red circles are experimental wavelength and decay length, respectively. Error bars are not shown because they are
smaller than the circles. Inset, comparison between the characteristics of liquid-liquid interface (black lines) and liquid-air
interface (red lines). The dashed lines correspond to the wavelength, and the solid lines to the decay length. In the computation
for liquid-air interface, the properties of liquid 2 have been replaced by those of air, i.e., ρ2= 1.2 kg/m3, µ2= 0.01 mPa · s,
and γ = 70 mN m−1.

location is given by

Re[η(0, t)] = a0 +

N
n=1

[an cos(ωnt) + bn sin(ωnt)] , (21)

where N = 8 and ωn = nω1 with ω1 being 2π times the excitation frequency.
Equation (1) is now rewritten to construct the interface profile as

Re[η(x, t)] = a0e−x/lc +
N
n=1

�[an cos(knx − ωnt) − bn sin(knx − ωnt)]e−αnx
	
, (22)

FIG. 5. (a) Temporal evolution of the contact line position (red circles) and the contact angle of liquid 2 (blue squares)
on the EWOD wall as excited at the frequency of 10 Hz. The solid line is a curve fitting for the experimentally mea-
sured data (circles). Inset, voltage profile with time. (b) Time sequence of the interfacial waves driven by the boundary
oscillation of Fig. 5(a). The black and red lines correspond to theory and experiment, respectively. (Multimedia view)
[URL: http://dx.doi.org/10.1063/1.4963863.2]
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FIG. 6. (a) Dimensionless wavelength, λ̂, and (b) decay length, L̂, versus ω̂ for varying Re with Ca fixed at 0.1. (c) λ̂ and
(d) L̂ for varying Ca with Re fixed at 1000. In all the cases, h j = q j = 0.5. Dashed lines in (a) and (c) correspond to the
inviscid dispersion relation, λ̂ = 2π(ρcλc

3ωc
2ω̂2/γ)−1/3.

where a0, an, and bn are identical to those in Eq. (21). The real and imaginary parts of ζ , kn, and αn,
respectively, are obtained by solving Eq. (11) for the corresponding ωn. In Fig. 5(b) (Multimedia
view), we plot the theoretical wave profiles corresponding to the contact line oscillation as given
by Fig. 5(a) and compare them with the experimental observations. We see favorable agreement
between theory and experiment. Although the effects of the side walls in the z-direction and the
change of liquid properties (µ and σ) due to lighting used for high-speed imaging appear to cause
finite discrepancy between our two-dimensional theory and experiment, our model still captures
the essential features (e.g., wavelength, amplitude, propagation speed, and decay length) of the
interfacial waves.

Using theory, we now conduct a parametric analysis to see the effects of liquid prop-
erties, i.e., density, viscosity, and surface tension, on the wavelength and decay length of the
interfacial waves. As seen in Eq. (11), ζ̂ is a function of qj, h j, Re, and Ca, which depend
on the liquid properties, as well as ω̂. Our calculations revealed that h j and qj have far less
pronounced effects on the wave characteristics than those of Re and Ca. In Fig. 6, therefore,
we plot dimensionless wavelength λ̂ = λ/λc and decay length L̂ = L/λc versus dimensionless
frequency ω̂ = ω/ωc while varying Re and Ca. An increase in Re shortens both the wave-
length and decay length, Figs. 6(a) and 6(b). An increase in Ca decreases the wavelength at
a given frequency, as shown in Fig. 6(c), and the decay length behaves in a similar manner,
Fig. 6(d). We also find that the effects of varying Re are severer on the wavelength than on
decay length, while varying Ca exerts more significant influences on decay length than on the
wavelength.

Before turning to the waves in cylindrical containers, we illustrate how the wave profile affects
the path of light that passes through the liquid-liquid interface in the Appendix. Using a basic theory
of optics,27,28 we can predict the scattering characteristics of light depending on the shape of the
refractive surface. This calculation is one of the most important steps in designing a liquid prism
to achieve sharp optical images. We emphasize that the calculation of the traveling wave profile as
carried out in this work can play a pivotal role in the prediction of optical images constructed by a
liquid prism driven by EWOD.
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B. Waves in cylindrical containers

Despite the similar forms of dispersion relation in Eqs. (11) and (20), the interface pro-
files in the cylindrical coordinates are fairly different from those in the Cartesian coordinates.
Interface profiles in the cylindrical coordinates can be expressed as Re[η(r, t)] = Re[−iζω−1(A1 +

B1)J0(ζr)eiωt]. The amplitude at the wall, ab = Re[η(R, t)max], is determined by such factors as the
characteristics of dielectric layer, frequency, and liquid properties. We nondimensionalize surface
profiles with ab: Re[η̂(r̂ , t)] = ϵ̂(r̂) cos(ωt − θ(r̂)), where r̂ is the dimensionless radius r̂ = r/R with
R being the radius of the cylindrical container. ϵ̂(r̂) and θ(r̂) are the dimensionless amplitude and
phase functions, respectively, and written as

ϵ̂(r̂) =


Im[J0(ζ̂ r̂ R̂)]2 + Re[J0(ζ̂ r̂ R̂)]2
Im[J0(ζ̂ R̂)]2 + Re[J0(ζ̂ R̂)]2 , (23)

θ(r̂) = tan−1


Re[J0(ζ̂ r̂ R̂)]
Im[J0(ζ̂ r̂ R̂)]


, (24)

where R̂ = R/λc. The top row of Fig. 7 (Multimedia view) displays the interfacial profiles,
Re[η̂(r̂ , t)], in different sizes of containers under the excitation frequency of 50 Hz. The bottom row
plots the dimensionless amplitude ϵ̂(r̂) for different frequencies.

The wave amplitude at the center, ϵ̂(0), is a result of the superposition of interfacial waves
propagating from the wall to the center. While the amplitude decays exponentially in the Cartesian
coordinates due to viscous effects, it may oscillate (because of inherent features of the Bessel func-
tion with complex number ζ) with r̂ near the center as clearly shown in the bottom row of Fig. 7(a).
Also, we see that ϵ̂(r̂) converges to eα̂ R̂(r̂−1), a similar form to that for the Cartesian coordinates,
with increases in both ω̂ and R̂.

These salient features of the waves in the cylindrical coordinates lead us to investigate the
effects of frequency and cylinder radius on the wave amplitude at the center, ϵ̂(0),

ϵ̂(0) = 1
Im[J0(ζ̂ R̂)]2 + Re[J0(ζ̂ R̂)]2

. (25)

Because the Bessel function J0 oscillates with complex arguments, ϵ̂(0) fluctuates severely when the
magnitude of ζ̂ R̂ is small. Figure 8(a) plots ϵ̂(0) versus ω̂ for different values of R̂. Whenever the

FIG. 7. Interfacial profiles of the overlapping liquids at t = 0, when the displacement at the center is maximized, in cylindrical
containers of R̂ = 1 (a), 2 (b), and 3 (c). The top row displays tilted-view snapshots of waves for excitation of 50 Hz. Black,
red, and blue lines in the bottom row, ϵ̂ versus r̂ , correspond to the frequency of 50, 70, and 100 Hz (or ω̂ = 2.5, 3.5, and
5), respectively. Solid and dashed lines are the theoretical results for the cylindrical and Cartesian coordinates, respectively.
(Multimedia view) [URL: http://dx.doi.org/10.1063/1.4963863.3]
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FIG. 8. (a) Wave amplitude at the center versus frequency for varying R̂. (b) The critical frequency ω̂0 at which ϵ̂(0)= 1
versus R̂. It is recommended that the device is run at a frequency higher than the critical frequency to ensure predictable wave
dynamics. In the computations, Ca= 0.1, Re= 1000, and h j = q j = 0.5.

denominator of ϵ̂(0) approaches zero with varying ω̂ that determines ζ̂ by Eq. (20), the dimension-
less amplitude at the center becomes very large as indicated by repeated peaks in Fig. 8(a), which
are greater than the oscillation amplitude at the wall. At a constant R̂, ϵ̂(0) is always higher than 1,
or the amplitude is higher at the center than at the wall, for very low frequency, but it falls below
1 as ω̂ increases. We plot the dimensionless frequency ω̂0 at which ϵ̂(0) = 1 as a function of R̂ in
Fig. 8(b). The range of ω̂ where ϵ̂(0) > 1 decreases with the increase of R̂. Our theory suggests
an important guide for the design of cylindrical liquid prisms or similar shapes. The operation
frequency and prism size should be sufficiently large to avoid large fluctuations of wave amplitude
near center, which can be caused by a slight change of the frequency and container dimension. That
is, our theory provides a frequency range which can ensure stably attenuating waves in a cylindrical
container of the given radius.

V. CONCLUSIONS

We experimentally visualized and theoretically analyzed the interfacial waves in the liquid
prism operated by EWOD actuation. We obtained the wavelength and decay length of the interfacial
waves as a function of frequency while considering viscous effects. Furthermore, we investigated
the effects of liquid properties on wave characteristics by parametric analysis. The wavelength was
found to decrease with an increase in density, and the decay length decreases with an increase
in viscosity. Both the wavelength and the decay length increase with an increase in interfacial
tension, a ramification of strong potential energy. The theory, which was experimentally verified
with an experimental setup adopting a long rectangular flow cell, was then extended to a cylindrical
geometry bearing a more intimate implication on the liquid prism design. The waves, expressed
with the Bessel functions, were shown to propagate toward the center and sometimes exhibit
non-monotonous decay of amplitude. Our theory reveals that the operation frequency and cell size
should be sufficiently large to ensure monotonically decaying waves toward center. Otherwise,
interfacial motion may become highly amplified at the center because of the high sensitivity of the
amplitude to frequency and cell size.

Our theory is strictly valid for two-dimensional systems. Thus, the dynamics of three-dimensional
interfacial waves such as in the rectangular liquid prism require numerical simulations for theoretical
understanding, and more sophisticated methods to determine surface profiles experimentally. How-
ever, our analysis in the cylindrical coordinates can shed light on the essential characteristics of 3D
interfacial waves which are excited at all the surrounding walls.
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FIG. 9. (a) Refraction of a light beam passing through a corrugated interface of different liquids with refractive indices n1
and n2. (b) The intensity of the beam arriving at the Fourier plane versus the angle β2 for varying ϵk (= 2πϵ/λ). The angular
beam profiles are numerically calculated at the instance the displacement at x = 0 is zero while taking the damping coefficient
α = 0.01 µm−1 and the width of liquid prism 0.2 mm.

APPENDIX: EFFECTS OF WAVE PROFILE OF LIQUID PRISM ON LIGHT BEAM

The beam profile as a result of refraction while propagating through a corrugated surface can
be computed by Matlab based on Snell’s law.7,29 As shown in Fig. 9(a), the light beam from a line
source, whose intensity is assumed to have the Gaussian profile with respect to the angle β1, is re-
fracted by an interfacial wave of a single mode: η = ϵe−αx cos(ωt − k x). The intensity of the beam
that arrives at the Fourier plane is plotted in Fig. 9(b) versus the angle β2 for varying dimensionless
wave amplitude, ϵk = 2πϵ/λ. We see that the shape of the beam profile is narrow resulting in a
sharp image for small ϵk, while it broadens with growing ϵk leading to a blurred image. This plot
allows us to predict the quality of optical images resulting from a corrugated liquid interface, which
is an essential information in the design of the liquid prism.
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