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ON THERMOCAPILLARY PROPULSION OF
MICROLIQUID SLUG

Ho-Young Kim
School of Mechanical and Aerospace Engineering, Seoul National University,
Seoul, Korea

A liquid slug in a microchannel can be propelled by temperature difference between the ends

of the slug. This study presents an analytical model to predict the velocity of such slugmotion.

The models thus far developed only considers very long slugs where the viscous dissipation

near the contact line is negligible compared with the bulk dissipation. Therefore, here we

develop a novel model to account for the shear stress near the contact line so that it can be

applied to slugs of general configuration. It is shown that the bulk dissipation dominates when

the slug length is much greater than the channel’s hydraulic diameter. However, the wedge

dissipation dominates when the slug length is much smaller than the hydraulic diameter. A

simple experiment using a mineral oil microslug shows that our theory considering both the

wedge and bulk dissipation agrees with the measurement results.

KEY WORDS: thermocapillary, microchannel, contact line, contact angle

INTRODUCTION

The transport mechanisms of liquid slugs or drops in microscale channels or
capillaries are of an immense interest owing to the wide applications of microfluidic
technology especially in bioanalytical systems [1–3]. Currently available methods to
transport microliquid slugs or drops include the inclination in the gravity field [4],
pressure gradients [5], electrowetting [6], electroosmosis [7], chemical modification of
wetting properties of the solid surface [8], and thermocapillary process [9]. Among
these schemes, our interest in this article lies in the thermocapillary migration of a
liquid slug in microchannels.

A liquid drop situated on an open horizontal surface remains stationary until
external force is applied. When the thermal gradient is applied along the drop, the
drop experiences asymmetrical force because the surface tension coefficient
decreases with the temperature. As the force overcomes a threshold value due to
the contact angle hysteresis, the drop begins to move. Such a thermocapillary
actuation was theoretically studied by Brochard [10] and Ford and Nadim [11] by
assuming the drop to be thin (lubrication approximation). The scheme was
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experimentally realized by Darhuber et al. [12] using arrays of microheaters. In
addition, a continuous liquid stream was shown to be driven by the thermocapillary
process on hydrophilic microstripe and its fluid dynamic behavior was theoretically
analyzed by Darhuber et al. [13].

On the other hand, the thermocapillary motion of a liquid slug inside micro-
channels or capillaries has not drawn as active attention as that of a liquid drop on an
open surface. Sammarco and Burns [9] showed that a long liquid slug inside a
microchannel can be pumped by the thermocapillary process. It was shown that this
process could be integrated with the DNA analysis system [14]. The liquid slug used in
Sammarco and Burns [9] was very long compared with the microchannel height such
that the length-to-height ratio exceeded 100. Therefore, the motion of the slug could
be modeled as the Poiseuille flow neglecting the effects of the contact line where the
three phases of liquid/solid/gas meet.

However, as today’s biochemical micro/nanosystems require an extremely min-
iscule volume of liquid sample, the slug length cannot always be kept much longer
than the channel height. Then the effects of the contact line can no longer be ignored.
Thus, a new theoretical model is necessary to predict the thermocapillary migration
velocity of a slug of a moderate length. In addition, the aforementioned analytical
studies on thermocapillary dropmotion adopted a lubrication approximation [10, 11],
thus the results are not applicable unless the contact angle is much less than unity (in
radian). Therefore, here we theoretically analyze the thermocapillary migration velo-
city of liquid slugs of general length-to-height ratios and contact angles. In addition, a
simple experimental result follows the theoretical considerations.

THEORY OF THERMOCAPILLARY SLUG PROPULSION

Consider a liquid slug of length L in a horizontal microchannel as illustrated in
Figure 1. The channel has a hydraulic diameter of Dh ¼ 4A/P, where A and P denote
the cross-sectional area and the perimeter of the channel, respectively. When the
channel is a circular capillary,Dh is equal to the tube diameterD. Inside a hydrophilic
channel as in the figure, the temperature gradient in the axial direction results in a net
force on the slug toward a colder region. Inside a hydrophobic channel, the force
direction is reversed.

For a slug with negligible inertia, the driving and resisting forces are balanced.
The driving force, Fd, results from the surface tension acting at the advancing and
receding interfaces in the tangential direction. It is written as

Fd ¼ Pð�A cos �A � �R cos �RÞ ð1Þ

Figure 1. A liquid slug in a hydrophilic capillary under an axial temperature gradient.
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where s and � are the surface tension and the dynamic contact angle, respectively. The
subscripts A and R denote the advancing and receding interfaces, respectively. In
general, both s and � are functions of the temperature. Especially, the surface tension
can be approximated as a linear function of the temperature; i.e., s ¼ a–bT, when the
temperature range is not too large.

The resisting forces, Fr, consist of the viscous shear force experienced by the bulk
liquid, Fb; the shear force in the wedge region near the contact lines, Fw,A and Fw,R; and
the force associated with the motion of fluid molecules between adsorption sites
distributed on the solid surface, Fl [15, 16]. Then we write

Fr ¼ Fb þ Fw;A þ Fw;R þ Fl ð2Þ

For a slug moving with the constant velocity U, the shear force in the bulk region is
obtained by the Poiseuille flow solution as Fb¼ �fLPU2/8, where � is the density and f is
the friction factor defined as f¼ 2Dh�P / �LU2, �P being the pressure drop. For a fully
developed flow through a straightmicrochannel, it is given that fRe¼C, whereRe is the
Reynolds number defined as Re ¼ �UDh/�, � being the viscosity. The constant C is
determined by the geometric configuration of the channel. Then Fb is given by

Fb ¼
�CPL

8Dh
U ð3Þ

For a circular tube, C ¼ 64 and consequently Fb can be written as Fb ¼ 8��LU.
To evaluate the shear force acting near the contact line, we consider the wedge

flow as shown in Figure 2. To obtain the shear stress at the wall, the velocity field in the
wedge region needs to be solved. For inertia-free flows, the biharmonic equation for
the stream functionC is satisfied:r4C¼ 0. The velocity components are given by vr¼
�(1/ r)@C / @� and v�¼ @C / @r. The boundary conditions are such that at �¼ 0, v�¼ 0
and vr ¼ U, and at � ¼ �0, v� ¼ 0 and tr� ¼ 0. Here the shear stress tr� is given by

�r� ¼
�

r

@�r
@�
� ��

� �
ð4Þ

Solving the biharmonic equation with the four boundary conditions, the shear stress at
the wall, tw ¼ tr�(� ¼ 0), is obtained as

Figure 2. The flow field in the wedge near the contact line. Here the reference frame is fixed to the contact

line thus the solid is seen to move.
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�w ¼
2�

r
U	ð�0Þ; ð5Þ

where 	 is termed the dissipation factor here and defined as 	(�0) ¼ sin2�0/(�0 –
sin�0cos�0). The shear force in the advancing wedge is given by

Fw;A ¼ 2�PU	ð�AÞ
ZA




dr

r
ð6Þ

where � is the radial extension of the wedge. The cutoff length of the molecular scale,

, has been introduced instead of zero to prevent the integral from tending to infinity
[16]. Therefore, the total shear force acting on both the wedge regions becomes

Fw;A þ Fw;R ¼ 2�PU 	ð�AÞ ln
�A


A

� �
þ 	ð�RÞ ln

�R


R

� �� �
ð7Þ

Here we note that our evaluation of the shear force in the wedge region is applicable
for any values of the contact angle, contrary to the analysis based on the lubrication
approximation [10, 11]. When the lubrication approximation is employed assuming a
small contact angle (�A ,,1), the wedge shear force is given by (see Appendix A)

Fw;L ¼
3�PU

�A
lnð�=
Þ ð8Þ

Comparing Eqs. (7) and (8) reveals that 	(�) � 3 / 2� for small �. Figure 3 indeed
confirms this prediction, which implies that the current evaluation of the shear force in
the wedge given in Eq. (7) is capable of accommodating the limit cases of small contact
angles. In a case that � approaches 180�, 	 vanishes, meaning no singularity in either
the force or the stress at the contact line [17]. The wedge geometry as shown in Figure 2

Figure 3. Dissipation factors versus the contact angle.
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is invariantly maintained along the entire contact line when the capillary is a circular
tube. However, when the capillary is a polygonal channel, the meniscus shape is not
defined as simply as in the circular tube. In Appendix B, we discuss the effect of the
meniscus shape in the polygonal channel on the wedge shear force.

It is known that the dissipation process related to the molecule’s adsorption-
desorption motion near the contact line manifests itself as the contact angle hysteresis
[18]. That is, the liquid slug does not start to move immediately when an external
temperature gradient is applied. The slug begins tomove when the driving force exceeds
a threshold value associated with the contact angle hysteresis. Therefore, Fl can be
obtained by using the driving fore at the moment the slug initiates its motion, Fd,c:

Fl ¼ Fd;c ¼ Pð�A;c cos �A;c � �R;c cos �R;cÞ ð9Þ

where the subscript c denotes the critical value corresponding to the outset of slug
motion.

The force balance of Fd ¼ Fr yields the steady velocity of a microliquid slug:

U ¼ ð�A cos �A � �R cos �RÞ � F 0d;c
�fCL=8Dh þ 2½	ð�AÞ lnð�A=
AÞ þ 	ð�RÞ lnð�R=
RÞ�g

ð10Þ

where F0d;c ¼ Fd;c=P. If the meniscus shapes of the advancing and receding edges are
similar so that

	ð�AÞ lnð�A=
AÞ � 	ð�RÞ lnð�R=
RÞ � 	ð�Þ lnð�=
Þ ð11Þ

where �, 
, and � are the representative values of the corresponding symbols, Eq. (11)
can be simplified as

U ¼ ða� bTAÞ cos �A � ða� bTRÞ cos �R � F 0d;c
�½CL=8Dh þ 4	ð�Þ lnð�=
Þ� ð12Þ

Equation (12) implies that the steady velocity of a microliquid slug is expressed as a
ratio of the driving force to the resisting force.

We note that depending on the ratio of the slug length to the tube hydraulic
diameter, the dominant dissipation mechanism may vary. For instance, if a tube
diameter is on the order of 100 �m, � can be scaled as the same order. Setting the
molecular length scale 
¼ 1 nm and noting that 	 is of the order 1 for an angle 0,, �
,, 180�, we get 4	ln(� / 
) � 40. It is noted that due to a logarithmic nature of this
expression, the exact value of� and 
 do not have a critical influence on the value ofU.
Thus, we find that the bulk dissipation is dominant for CL/8Dh .. 40. In this case,
Eq. (12) reduces to

U ¼ ða� bTAÞ cos �A � ða� bTRÞ cos �R � F 0d;c
�CL=8Dh

ð13Þ

On the other hand, for a short slug such that CL/8Dh ,, 40, the wedge dissipation is
dominant, thus, the slug velocity is given by:

THERMOCAPILLARY PROPULSION OF MICROLIQUID SLUG 355
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U ¼
ða� bTAÞ cos �A � ða� bTRÞ cos �R � F 0d;c

4�	ð�Þ lnð�=
Þ ð14Þ

For an intermediate range of the slug length, the full expression of Eq. (12) gives the
correct slug velocity. The foregoing expressions can be further simplified in an idea-
lized situation that the contact angles remain the same; i.e., �A¼ �R¼ �. Then Eq. (12)
reduces to

U ¼ bð�T��TcÞ cos �
�½CL=8Dh þ 4	ð�Þ lnð�=
Þ� ð15Þ

where �T ¼ TR – TA and �Tc is the temperature difference at the moment the slug
initiates its motion. For a circular tube, Eq. (15) becomes

U ¼ bð�T��TcÞ cos �
4�½L=Rþ 	ð�Þ lnð�=
Þ� ð16Þ

where R is the tube radius. So far we have developed a model to predict the steady
velocity of amicroliquid slug of a general configuration driven by the thermocapillarity.
The following section describes a simple experiment that illustrates the importance of
considering both the wedge and bulk dissipation in modeling the slug velocity.

SIMPLE EXPERIMENT

For a long slug where the wedge dissipation is negligible as compared with the
bulk dissipation, Sammarco and Burns [9] performed experiments to verify Eq. (13).
Therefore, the major interest in the current experiment is to illustrate the influence of
the wedge dissipation on the migration velocity of a relatively short slug. We use a
circular capillary tube with inner diameter 700 �m made of borosilicate glass. To
induce the temperature difference between the slug ends, the tube is wrapped with a
nichrome heater near one of the tube ends. To the other end, an aluminum fin is
attached and then immersed in ice water for cooling. Four thermocouples are attached
to the tube for temperature measurement. As a slug liquid, mineral oil (Aldrich
Chemical, Milwaukee, Wisconsin) is used. For the mineral oil, � ¼ 0.026 Pa�s, a ¼
0.0471 N/m, and b ¼ 2.21 � 10�4 N/m/�C. The motion of the slug is recorded by a
CCD camera whose images are captured and analyzed by a digital computer.

Since one end of the capillary tube is heated, temperature monotonically drops
towards the other end. The measured temperature profile as shown in Figure 4
indicates nonlinear decrease of temperature along the tube axis. This temperature
distribution, T(x), can be predicted by modeling the tube as a fin governed by the
following energy balance equation:

d2 

dx2
�m2 ¼ 0 ð17Þ

where c is the difference of tube temperature T and the end temperature T1, c ¼ T–
T1, x is the distance measured from the hottest thermocouple, and m2 is given by the

356 H.-Y. KIM
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natural convection heat transfer coefficient h, the effective outer periphery L, the
thermal conductivity of the glass tube k, and the cross-sectional area of the tubeAc, as
m2¼ hL/kAc. Since the capillary tube lies on an insulating surface, we take the effective
periphery L as half the outer circumference and h as half the heat transfer coefficient
for a heated horizontal cylinder. Then the predicted temperature profile and the
measurement results show good agreement.

Due to the nonlinear temperature profile, the values of (TR – TA) were different
as the slug moved along the tube. We used a mineral oil slug of 2.0 mm in length. As
the slug moved along the tube, the temperature difference between the slug ends
ranged between 14.2 and 17�C. Now we check whether the slug inertia is negligibly
small in this experiment. The inertia of the slug is scaled as �VU2/L, where � and V
denote the density and the volume of the slug, respectively. The viscous shear force in
the bulk region is scaled as �UPL/R. The ratio of the inertia to the shear force is less
than 4 � 10�4 using the maximum velocity of Figure 5 even without considering the
wedge shear force. Thus, the inertia of the slug is indeed negligibly small and our
foregoing analysis can be applied.

Figures 5 and 6 show the experimental image of the slug and the velocity
measurement results compared with predictions by different theoretical considera-
tions, respectively. Since the advancing and receding angles of the slug are very similar
as confirmed by Figure 6 (� � 45�), we employ Eq. (16) for comparison with the
experimental results. We plot three different velocity predictions based on Eq. (16) to
evaluate the effects of each dissipation mechanisms. Although the velocity values may

Figure 4. Temperature distribution along the capillary tube. The solid circles denote measurement results.

The dashed straight line is for a perfectly insulated capillary tube. The solid line is the solution of Eq. (17)

with the heat transfer coefficient being a half that of a horizontal cylinder. The dashed curve is when the heat

transfer coefficient of an uncovered horizontal cylinder is used in the fin analysis.

THERMOCAPILLARY PROPULSION OF MICROLIQUID SLUG 357
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vary depending on �Tc, which is hard to control in a repeatable manner, it is the slope
of the curve that directly indicates the effects of the viscous stresses. Under our
experimental condition of L/R ¼ 5.7, the ratio of the bulk stress to the wedge stress,
(L/R)/[	ln(�/
)] (see the denominator of Eq. (16)), amounts to be only 0.26. Therefore,
when the wedge shear stress is neglected as in line A in Figure 6, the theoretical line’s
slope highly overestimates that of the experimental results. On the other hand, line B,
which ignores the bulk dissipation, is close to line C obtained directly from Eq. (16)
considering both the bulk and wedge stresses. Both lines B and C (especially their
slopes) agree favorably with the experimental results. This result clearly shows the
importance of considering the wedge dissipation in modeling the short slug’s
movement.

We recall that the evaluation of the wedge dissipation involves the order-of-
magnitude estimations of 
 and �. To investigate the sensitivity of the theoretical
results to the variation of 
 and �, we plotted the velocity values corresponding to the
current experimental conditions for different values of �/
 in Figure 7. The range
considered in the plot corresponds to the variation of the cutoff length over two orders
when � is fixed. Such a great degree of variation results in the change of the predicted
velocity only within�20%. This shows that the approximate nature of the evaluation
for the wedge dissipation does not critically affect the analysis outcomes.

Figure 5. Image of a mineral oil slug in a capillary. Shown as dark vertical lines behind the tube are the

thermocouples attached to the tube

Figure 6. Comparison of the results of the experiments (solid circles) and those of the analysis (lines). Lines

A and B correspond to the velocity when the wedge dissipation and the bulk dissipation are neglected,

respectively. Line C is from Eq. (16). In plotting the theoretical velocity, we used �¼R¼ 350 �m, 
¼ 1 nm,

and �Tc ¼ 13.8�C.
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SUMMARY

This study considers the thermocapillary migration velocity of viscous slugs in a
capillary tube. We newly develop a theoretical model to predict the slug velocity using
the balance between the driving force (surface tension force due to temperature
difference) and the resisting force (viscous dissipation). We note that the viscous
dissipation consists of the bulk dissipation occurring in the central region of the slug
and the wedge dissipation near the contact lines. Our model is capable of evaluating
the viscous dissipation in the wedge regions of slugs having relatively large contact
angles where the lubrication approximation is invalid. The bulk dissipation dominates
when the slug length is much larger than the channel’s hydraulic diameter but the
wedge dissipation dominates when the slug length is much smaller than the hydraulic
diameter. Through a simple experiment using a mineral oil slug in a circular capillary
tube, we find that our theoretical velocity prediction considering both the wedge and
bulk dissipation agrees well with the measurement results.
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APPENDIX A LUBRICATION APPROXIMATION FOR WEDGE SHEAR FORCE

Here we obtain the shear force at the wedge near the contact line when the
contact angle is very small, thus, the lubrication approximation can be used. For a thin
wedge as shown in Figure 8, the flow is nearly parallel to the solid surface and its
motion is governed by the following equation:

Figure 8. Flow profile in a thin wedge for which the lubrication approximation is made.
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dp

dx
¼ � @

2u

@y2
ðA1Þ

where p is the pressure and u is the x-directional velocity. The boundary conditions are
such that u¼ 0 at the solid surface y¼ 0, and @u/@y¼ 0 at the liquid/gas interface y¼
h(x). Solving Eq. (A1) and equating the resultant average flow velocity to U, we find

u ¼ 3U

h2
hy� y2

2

� �
ðA2Þ

Then the wall shear stress becomes tw ¼ 3�U/x�, where we used h ¼ x� for small �.
Integrating this over the wedge area yields the shear force:

Fw ¼ P

Z�




3�U

x�
dx ðA3Þ

which becomes equal to Eq. (8).

APPENDIX B MENISCUS AND WEDGE SHEAR FORCE IN POLYGONAL
CHANNEL

The shear force experienced in the wedge region was evaluated based on the
geometry as shown in Figure 2. Although this geometry is valid when the capillary
tube is circular, the meniscus shape is rather complicated when the capillary is a
polygonal channel. Meniscus shapes in polygonal capillaries were theoretically
calculated in [19] and experimentally visualized in [20]. The images of menisci in
[20] show negligible wicking into corners when the contact angle is greater than
about 45�. In this case, the formulation for the wedge dissipation as used for the
circular capillary is valid. On the other hand, the imbibition was well pronounced in
the corners when the contact angle was lower than 45�, as shown in Figure B1. Then
the wedge dissipation consists of that occurring in the central part and that in the
shoulders, as indicated in Figure B1. The central wedge dissipation is obtained by the
identical formulation as in the circular capillary. The shear stress in a shoulder can
be scaled as tw,s 	 �U/�, where � is the thickness of the shoulder at a location z thus
given by � 	 z�. The shear force in the shoulder is obtained by integrating the shear
stress over the shoulder area of length ~&

Fw;s 	
Z~&

0

�w;s�d& 	 �U~& ðB1Þ

It is interesting to note that when the meniscus imbibes in the corners of polygonal
capillaries, the shear force does not diverge as contrary to that at the normal contact
line on a plane. We compare the magnitude of this shoulder shear stress with the usual
wedge shear stress by taking the ratio
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� ¼ Fw;s

Fw
	 ~&

P	 lnð�=
Þ ðB2Þ

When the shoulder is relatively short so that�,, 1, the effect of the corner imbibition
on the wedge shear stress is negligible. If the shoulder is long enough to make � 	 1,
then the corner imbibition should be taken into account in evaluating the wedge shear
stress. Based on the images of Kim and Whitesides [20], when the contact angle is
above about 40�, the shoulder is short enough to neglect �. The images of Kim and
Whitesides [20] further show that as the contact angle decreases, the imbibition length
~& increases, elevating the possibility that �may increase. However, it should be noted
that 	 also increases sharply as the contact angle decreases. Thus the increase of ~& does
not necessarily guarantee the increase of �. The detailed theory to compute � for a low
contact angle is beyond the scope of the present study.

Figure B1. (a) Menisci in the rectangular capillary. (b) Meniscus intersecting with the y-z or x-z planes.
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